The current textbook view of the causes of presbyopia rests very largely on a series of experiments reported by R.F. Fisher some three decades ago, and in particular on the values of lens YoungÕs modulus inferred from the deformation caused by spinning excised lenses about their optical axis (Fisher, 1971) We studied the extent to which inferred values of YoungÕs modulus are influenced by assumptions inherent in the mathematical procedures used by Fisher to interpret the test and we investigated several alternative interpretation methods. The results suggest that modelling assumptions inherent in FisherÕs original method may have led to systematic errors in the determination of the YoungÕs modulus of the cortex and nucleus. FisherÕs conclusion that the cortex is stiffer than the nucleus, particularly in middle age, may be an artefact associated with these systematic errors. Moreover, none of the models we explored are able to account for FisherÕs claim that the removal of the capsule has only a modest effect on the deformations induced in the spinning lens.
1. Introduction
Presbyopia and lens stiffness
The stiffness of the human ocular lens is regarded as having an important influence on the amplitude of accommodation. As the lens ages, it is generally understood that its stiffness increases; this progressive increase in stiffness is thought to be the dominant cause of presbyopia. However, the precise relationship between lens stiffness and amplitude of accommodation is uncertain. Also, the relative importance of changes in lens stiffness and age-related changes in other aspects of the accommodation apparatus has yet to be unequivocally established. In addition, there is no current consensus on numerical values for the relevant stiffness parameters for the lens.
The effect of lens stiffness on accommodation amplitude has been investigated using numerical models of the accommodation mechanism (e.g., Burd, Judge, & Cross, 2002) . However, the usefulness of models of this sort depends on the availability of high quality data on the mechanical properties of the individual components of the accommodation apparatus. If these data are unreliable then the effectiveness of modelling, as an investigative tool, is reduced.
The current uncertainty in the stiffness parameters that characterise the mechanical behaviour of the lens has two sources. First, there is no consensus on an appropriate constitutive model for the lens or the spatial variation of material properties within the lens. Fisher (1971) , van Alphen and Graebel (1991) , and Heys, Cram, and Truscott (2004) , for example, adopted a 0042-6989/$ -see front matter Ó 2005 Elsevier Ltd. All rights reserved. doi:10.1016/j.visres.2005.07.012 linear isotropic elastic model, which for the case of (Fisher (1971) and Heys et al. (2004) ) was also non-homogeneous. Other researchers (e.g., Weeber et al., 2005) have explored the use of a visco-elastic model to represent the lens; such a model would be of use in investigating the dynamic characteristics of the accommodation apparatus. These different representations of the mechanical behaviour of the lens mean that it is not straightforward to correlate experimental data on lens stiffness collected by different research teams. In addition, features of behaviour such as material non-linearity (as has, for example, been observed in the lens capsule, Krag & Andreassen, 2003) and anisotropy (as might be suggested by the highly directional nature of the cellular structure of the lens) may be relevant, and yet these aspects of behaviour appear to have attracted little attention.
A second contributing factor is that relatively few experimental data on lens stiffness exist. Opportunities to collate comparable data sets from different sources are therefore minimal.
An early published attempt to measure conventional engineering stiffness parameters for the lens is described by Fisher (1971) . FisherÕs test involved spinning the lens about its polar axis, and observing the resulting polar and equatorial displacements. Fisher used these measurements to determine the YoungÕs modulus of the nucleus and cortex on the basis of a simple non-homogeneous linearly elastic model for the lens. More recently, van Alphen and Graebel (1991) described an alternative procedure, based on uniaxial testing of the combined lens, zonule, ciliary muscle, and choroid. The resulting data are difficult to interpret, however, because of the complex three-dimensional nature of the loading arrangement. Czygan and Hartung (1996) and Glasser and Campbell (1999) described compression tests in which the stiffness of the lens was explored in a qualitative way, without attempting to determine numerical values of relevant material properties. Heys et al. (2004) and Weeber et al. (2005) described separate procedures, based on dynamic mechanical analysis, to measure lens stiffness parameters. Heys et al. (2004) conducted static tests in which the resistance to penetration of a miniature probe applied to the lens is used to estimate values of local shear modulus. (This approach, implicitly, adopts a linear elastic non-homogeneous view of the lens). In contrast, Weeber et al. (2005) described cyclic tests, on fragmented lenses, in which the parameters to calibrate a linear visco-elastic model of the lens are determined. Weeber et al. (2005) did not attempt to investigate the possibility of spatial variations in the visco-elastic properties of the lens.
Taken together, the published archive of mechanical test data presents a broadly consistent view of the lens as a visco-elastic body with values of stiffness that tend to increase numerically with age. However, various puzzling features of the data exist. For example, the data of Fisher (1971) suggest that the cortex is significantly stiffer than the lens nucleus, particularly in middle age. This is contrary to expectation. For example, studies by Pau and Kranz (1991) , in which a miniature probe was pushed through the polar axis of the lens, showed that the force at the probe tip increased considerably as the probe passed through the lens, reaching a peak at the lens centre. Although this is essentially a strength (as opposed to a stiffness) test, it does lead to a qualitative expectation that the lens nucleus is likely to be stiffer than the lens cortex. Also, FisherÕs results suggest that the stiffness of the lens increases by a factor of about 4 or 5 during life. This contrasts, for example, with the results of a lens compression test reported by Glasser and Campbell (1999) which, although presented in qualitative terms, suggests a larger rate of increase in lens stiffness with age.
This paper describes an attempt by the authors to conduct a systematic review of the spinning lens approach pioneered by Fisher (1971) . The purpose of the study is to determine whether some of the apparent contradictions between FisherÕs conclusions, and experimental results published by other researchers, can be resolved by improvements to the mathematical procedures used to interpret the spinning lens test. The study has a further purpose, namely to assess the extent to which the spinning lens approach is, in principle, capable of delivering high quality and useful data on lens stiffness. It is hoped that the conclusions of the study will be of interest to those seeking to make use of FisherÕs original data and also of use to future researchers seeking to repeat or improve the spinning lens experiment.
Fisher does not report numerical data on the deformations generated in the spinning lenses or the dimensions of the lenses that were tested. We first reconstructed these data from the relevant plots in Fisher (1971) . We then used the mathematical model adopted by Fisher (1971) to infer values of lens YoungÕs modulus from displacement data recorded during the test (we refer to this procedure as Model A). The authors consider that one of the assumptions, relating to the nature of the cortex/nucleus boundary, that Fisher adopted in his analysis, is inappropriate. A modified approach (referred to as Model B), employing an alternative description of this interface, is therefore derived. The application of this modified model to FisherÕs original data is discussed and the possibility of systematic modelling errors is investigated by means of a finite element analysis of the spinning lens and also exact solutions for a rotating elastic spheroid. Finally, consideration is given to the possible influence that the capsule might have had on the outcome of the test.
A summary of the various analytical and numerical procedures described later in this paper is given in Table 1 . (Fisher, 1971) In the experiment described by Fisher (1971) , a human lens was placed on a pedestal and spun about its polar axis at 1000 revolutions per minute (rpm). Flash photography was used to measure the displacement of the equator and the anterior pole caused by the rotational body forces. These data are plotted in Fig 7 of Fisher (1971) and this is reproduced in Fig. 1 . (Note that in Fisher (1971) , the term ÔstrainÕ is used to refer to measured displacement. In this paper, however, the term ÔstrainÕ is reserved for use in the conventional engineering sense of being a non-dimensional measure of deformation gradient.)
Methods

FisherÕs spinning lens test
The data in Fig. 1 In an attempt to investigate the possible influence of FisherÕs assumption (b2), a new mathematical model based on FisherÕs original approach (but in which assumption (b2) is not adopted) has been developed. This model is referred to in this paper as Model B and FisherÕs original approach (Fisher, 1971 ) is referred to as Model A. In FisherÕs original model, the lens is represented by a stack of spinning discs. Shear stresses acting on planes parallel to the equator are assumed to be negligible (assumption (b1)). This approach is also adopted in Model B. FisherÕs original analysis adopts the assumption (b2) that, at the interface of the nucleus and the cortex, the lens material is neither fully adhered nor it is fully uncoupled. This interface condition appears somewhat inconsistent with the other assumptions. For example, the analysis relies on the assumption that radially adjacent layers in the cortex and also in the nucleus are fully coupled. Why should a different assumption be adopted for the boundary between the nucleus and cortex? In Model B, therefore, the alternative assumption is made that the nucleus and cortex are fully adhered at their common interface. In all other respects, Model B is based on the same assumptions as those originally adopted by Fisher (1971) .
The nomenclature is shown in Fig. 2 . For both models, the nucleus and the cortex are assumed to be linearly elastic materials with YoungÕs modulus E N (for the nucleus) and E C (for the cortex). Both materials are assumed to have the same density (q). The PoissonÕs ratio, m, for both materials is 0.5. (Note that d P refers to the vertical movement of the pole of the lens with respect to the lens equator. The total change in thickness of the lens is therefore 2d P ). The values of Ôequatorial strainÕ and Ôpolar strainÕ plotted by Fisher (1971) and reproduced in Fig. 1 correspond to d E and d P , respectively.
The development of expressions for d E and d P based on Model B is given in Appendix A. Appendix A also contains details of an inverse process to determine values of E N and E C from observed values of d E and d P .
Calculation of YoungÕs modulus values from FisherÕs raw data
The expressions derived in Appendix A can be used straightforwardly to compute values of E N and E C from data on equatorial and polar displacement. Differences in inferred YoungÕs modulus computed using this approach (Model B) and FisherÕs original procedure (Model A) provide an indication of the systematic effect of FisherÕs assumption (b2). Unfortunately, however, Fisher did not tabulate the measured values of displacement or the dimensions of the lenses that were tested. Fisher apparently determined the density of each lens but these data are also not reported. Instead, the raw data were presented in graphical form. To proceed with this study, therefore, it is first necessary to extract these data from FisherÕs graphs. The extraction procedure that was adopted is described below.
FisherÕs data
Data on measured lens displacements must be extracted from Fig. 7 of Fisher (1971) . Figs. 8 and 9 of Fisher (1971) provide additional data that are needed to estimate appropriate values of a (length of the major semi-axis) and b (length of the minor semi-axis) for the elliptical profile of each lens.
These figures were scanned at high resolution and the coordinates of the pixels assessed by eye to be the centre of each data point were recorded. The pixel coordinates of the scale markings were also recorded. Each set of data point coordinates was then decomposed into components parallel to each axis. (It was not assumed that the axes are necessarily orthogonal.) These components
Cylindrical polar coordinates Nomenclature were re-scaled by interpolating between the two closest scale markings of the corresponding axis to give numerical estimates for the data. Values of the data extracted in this way are given in Table B1 in Appendix B.
The lens ages are all close to whole numbers of years, except for the youngest lens (Row 1 of Table B1 ). Also, the displacements are all close to multiples of 10 lm, except the equatorial displacement of 95.445 lm (Row 18 of Table B1 ) which lies near to a mid-point. This suggests that these values represent the full precision of the plots, and possibly of the data themselves. It is assumed, therefore, that these data can be rounded to the appropriate values without loss of information. (Note that this is not the case for the equatorial and polar YoungÕs modulus, E E and E P .) The rounded data are shown in the first three columns of Table B2 . Fisher (1971) uses the following expressions to calculate the equatorial and polar YoungÕs modulus, E E and E P :
These expressions give:
The data in Table B1 (on E E and E P ) can therefore be used to determine values of a and b (in conjunction with Eqs. (3) and (4)) provided that the lens density is also known. Since lens density is not reported by Fisher, the following approximate relationship is adopted (based on data for lenses in the range 20-70 years from Bellows, 1944) , where X is age in years
Note that inferred values of the aspect ratio, k, where
are independent of density.
To analyse each individual lens, it is necessary to collect a matched set of four pieces of information (d E , d P , a, and b). In the majority of cases, a single set of data is given at a particular age, and this collation can be done unambiguously. In other cases, however, more than one lens of a particular age was tested. To determine how the data should be grouped, it was assumed that the correct arrangement gives the smallest discrepancies between the values for k, a, and b for lenses of a given age. This will also minimize the discrepancy with any target value lying close to the invariant geometric mean of the values calculated for the lenses. This procedure produced a clearly preferable grouping of data for all duplicated ages, except for data at 52 years. The 52 year data set suffered from additional complications as discussed below.
The lens that appears with an age of 53 in Fig. 7 of Fisher (1971) has apparently been plotted with an age of 52 in FisherÕs Figs. 8 and 9 (Row 33 of Table B1 ). Also, its unusually small equatorial displacement of 10 lm means that it is impossible to select values for E E and E P from those plotted at 52 years which will produce sensible values for a and b. For this reason, the displacement values plotted at 53 years were excluded from the data set adopted for study in this paper, and the grouping of data for the 52-year-old lenses considered all four possible values of E E and E P , with one of each ultimately unused.
The 1-and 54-year-old lenses are also problematic. For the one-year lens, the aspect ratio is less than one and so the model of a spherical nucleus extending to the poles is inapplicable. The 54-year lens has a plausible geometry, but the measured displacements imply a negative YoungÕs modulus for the cortex (depending on the particular calculation method employed). These two lenses were therefore removed from the data set adopted for the study in this paper.
The complete set of data on lens displacements and dimensions, obtained using these procedures and adopted for subsequent analysis, is given in Table B2 in Appendix B.
Results
Re-computed values of YoungÕs modulus
Values of nucleus and cortex YoungÕs modulus have been re-calculated using the data in Table B2 with Model A (FisherÕs original approach) and also with Model B (see Appendix A). The results are plotted in Figs. 3A and B. Also plotted are FisherÕs original polynomial regression lines and regression lines (adopting the same orders of polynomial as used by Fisher (1971) to provide a fair comparison) for the data computed using Model B.
These figures provide some interesting insights into the data. Fig. 3A , for example, shows that the Model A best-fit polynomials provide a good match with the polynomials proposed by Fisher (1971) . The fact that the polynomials appear similar suggests that errors in the data extraction process are minimal. Fig. 3B indicates a similar pattern to that of Fig. 3A . However, the best-fit polynomial for the cortex suggests that the cortex is somewhat stiffer, particularly in middle age, than computed using Model A. Values of nucleus stiffness, however, calculated using the two models are quite similar. This suggests that details of the way in which the interface between the nucleus and cortex is modelled (i.e., relating to assumption (b2)) has some influence on the calculation of the cortical stiffness but little effect on the nuclear stiffness.
It is further seen from Figs. 3A and B that the scatter in the YoungÕs modulus data is considerable, and is nonuniformly distributed with larger scatter for lenses of greater age. This non-uniformity of variance suggests that least-squares fitting of a polynomial may not be the most suitable way to represent the data. The logarithm of the YoungÕs modulus data, however, exhibits a variance that is relatively insensitive to age. This suggests an alternative least-squares fitting procedure, based on the logarithm of the YoungÕs modulus, that appears to have substantial advantages over FisherÕs original approach. This alternative procedure is illustrated in Figs. 4A and B. In these plots, a least-squares fitting procedure is used to obtain linear fits for the relationship between the logarithm of the YoungÕs modulus and age. For the case where the YoungÕs modulus is computed using Model A (Fig. 4A) , the regression lines are:
where E C and E N are the cortex and nuclear YoungÕs modulus in units of kPa, and X is age in years. For Model B (Fig. 4B) , the regression lines are:
3.2. Modelling errors in the spinning disc approach Models A and B both divide the lens into thin elemental discs. They also both adopt the assumption that shear and vertical stresses are everywhere zero. The modelling errors induced by this approach have been investigated by comparison with the results obtained from the exact analytical solution for the homogeneous case (i.e., in which the nucleus and cortex have the same stiffness) and from finite element calculations in certain non-homogeneous cases.
For the homogeneous case, where the nucleus and the cortex have the same stiffness E, then Models A and B predict identical displacements
The corresponding exact solution has been derived from the more general form given by Chree (1895) . (An outline of this procedure is given in Appendix C.) The resulting displacements are 
A comparison between the values obtained from Models A and B and the exact solution is shown in Fig. 5 for a range of aspect ratios, k, that are typical of human lenses (e.g., see Table B2 ). The equatorial and polar displacements are plotted in the form of a non-dimensional displacement, Ed/Mx 2 , where E is the YoungÕs modulus, d is the appropriate displacement variable, and M, the mass of the lens, is given by
Fig . 5 indicates that the displacements computed using Models A and B coincide with the exact solution when k ¼ ffiffiffiffiffiffiffiffiffiffi 12=7 p % 1:309, but that the predicted displacements differ for other values of k. For a typical lens, such as the 21-year-old geometry used in the finite element calculation FE(1) described below for which k = 2.149, the spinning disc models predict an equatorial displacement whose magnitude is 17% greater than the exact value and a polar displacement whose magnitude is 7% less than the exact value. These are potentially significant errors. Note that these modelling errors would combine to suggest that if a homogeneous lens were tested in a spinning rig and Model A or B was used to determine the lens stiffness, then the model would indicate that the lens is distinctly non-homogeneous, with the cortex being apparently stiffer than the nucleus.
A further evaluation of Models A and B, for the case of non-homogeneous lenses, has been undertaken by comparing them with the results of corresponding finite element analyses. The finite element analyses were performed using the program OXFEM (developed at Oxford University, UK, for the study of problems in civil engineering, e.g., see Burd, Houlsby, Augarde, & Liu, 2000) . The calculations used a single ellipsoidal lens geometry, based on the averaged dimensions of the two 21-year lenses listed in Table B2 , with a = 4.319 mm and b = 2.010 mm. The lens was represented by a mesh of triangular axisymmetric 15-node elements, with the nucleus and cortex modelled as distinct elastic materials, as shown in Fig. 6 . The PoissonÕs ratio of both materials was set to 0.4999 to approximate incompressibility. The analysis FE(1) was performed using conventional infinitesimal displacement theory. (This means that a proportional change in the cortex and nucleus YoungÕs moduli will yield an inverse but proportional change in d P and d E ; the ratio of these displacements will therefore depend only on the modulus ratio, g = E N /E C .) The displacement ratios calculated from the finite element analysis are plotted in Fig. 7 together with the corresponding results from Models A and B. (The exact solution for the homogeneous case, not shown in the figure, agrees closely with the finite element result for g = 1.) Models A and B both display substantial departures from the finite element results.
When the inverse procedure of calculating the modulus ratio from the observed displacements is performed, Model A (as employed by Fisher, 1971) and Model B both lead to major systematic errors. For example, for an observed displacement ratio of 0.8, Model A would suggest a modulus ratio of 0.63, while the more rigorous finite element approach, FE(1), suggests a modulus ratio of about 1.2. These are very different results, both quantitatively and qualitatively. The first indicates a cortex stiffer than the nucleus, while the second indicates the reverse. Thus the neglect of vertical and shear stresses inherent in Model A may explain, at least in part, one puzzling feature of FisherÕs data, namely that the cortex appears stiffer than the nucleus.
Structural effect of the lens capsule 3.3.1. Further analysis of lens YoungÕs modulus-Model C
The data plotted in Figs 7, 8, and 9 of FisherÕs (1971) appear to have been collected on lenses with their capsules intact. FisherÕs analysis of the data (and also Model B), however, relies on the assumption that the structural effect of the capsule is negligible. Fisher describes a lens of age 21 years for which a subsidiary test was conducted with the capsule removed. Fisher reports that the equatorial movement of the capsulated lens was the same as that of the de-capsulated lens but that the polar displacement in the de-capsulated lens was about 20% smaller than for the capsulated lens.
FisherÕs procedure (Model A) is based on the assumption that the structural effect of the capsule is negligible. However, FisherÕs observations suggest that the capsule may in fact have had a significant structural effect. To test the possible effect of the capsule, it is speculated that FisherÕs observation that the presence of the capsule increases the polar displacement by 20% applies to all of the lenses in the study. This means that FisherÕs calculations applying Model A were performed with polar displacements approximately 20% too large in magnitude. It is a simple matter to repeat the calculations for the case where a factor of 0.8 is applied to the polar displacements listed in Table B2 . This procedure leads to values of cortex and nucleus YoungÕs modulus that are significantly closer to each other, numerically, in individual lenses than is indicated in Fig. 3A . A more accurate numerical model (based on finite element analysis) would indicate a similar trend. This suggests the possibility that FisherÕs data could be reasonably be interpreted in terms of a homogeneous lens (i.e., one in which the stiffnesses of the nucleus and cortex are equal). On this basis, a further interpretation procedure (referred to as Model C) has been developed. This approach is based on the assumption that the lens may be represented by a homogeneous elastic model; the exact solutions for the displacements in a rotating elastic spheroid (Appendix C) may therefore be employed, together with the assumption that the polar displacements reported by Fisher (1971) should be ÔcorrectedÕ by applying a factor of 0.8. For each lens in Table B2 , two values of equivalent modulus are computed from the solution given in Appendix C; one based on equatorial displacement (referred to as E Ã E ) and the other on the corrected polar displacement (referred to as E Ã P ). The data on YoungÕs modulus obtained in this way are plotted in Fig. 8 . The YoungÕs moduli are plotted on a logarithmic axis.
A plot of Z ¼ ln E Ã E À ln E Ã P as a function of age was examined. There was no clear pattern to the variation of Z with age. Also the mean value of ðE Ã E À E Ã P Þ, computed to be À0.0057 kPa, is not significantly (p = .05) different from zero. This suggests that the two data sets may be regarded as being homogeneous.
A line of best fit has been derived for the combined data set. This line (shown in Fig. 8 ) is given by the equation
where E is the YoungÕs modulus (kPa) and X is age (years).
Including the capsule in a finite element analysis of the lens
The YoungÕs modulus of the capsule is known to be some three orders of magnitude higher than FisherÕs values of lens stiffness (e.g., Danielsen, 2004; Krag & Andreassen, 2003) , FisherÕs observation that the capsule has a relatively minor effect on the lens displacements is therefore surprising. To investigate this issue, a numerical model of the lens including the capsule has been constructed as described below.
A finite element analysis has been conducted for both a capsulated and a de-capsulated lens based on an elliptical geometry with dimensions at a = 4.319 mm, b = 2.010 mm. (These dimensions are those corresponding to a 21-year lens.) The analysis was based on the finite element mesh shown in Fig. 6 and was conducted using the OXFEM finite element program using calculation procedures that included the effects of geometric non-linearity. For the capsulated case, the thickness of the capsule was assumed to be 18 lm (corresponding to the equatorial thickness of the 22-year capsule reported by Fisher & Pettet, 1972) . The capsule was modelled using 5-noded linearly elastic membrane elements. The YoungÕs modulus of the capsule is estimated from the correlation given by Krag et al. (2003) 
where E CAP is the YoungÕs modulus of the capsule in units of MPa and X is age in years. This equation suggests a capsule YoungÕs modulus of 1.06 MPa; this value was therefore used in the finite element analysis. The capsule was assumed linearly elastic with a PoissonÕs ratio of 0.47 (Fisher, 1969) . The stiffness of the cortex and nucleus adopted in the analysis is computed from the regression polynomials given by Fisher (1971) for a lens of age 21; this gives E N = 0.51746 kPa and E C = 2.85056 kPa. A PoissonÕs ratio of 0.4999 was adopted and the lens density was computed from Eq. (5) for an age of 21 years. The results of these calculations (FE(2) denotes the finite element analysis of the de-capsulated lens and FE(3) denotes the finite element analysis of the fully capsulated lens with a capsule of thickness 18 lm) are set out in Table 2. These results indicate that the capsule reduces the equatorial movement to about 21% of its de-capsulated values and the polar movement to about 35% of its decapsulated value. This result is entirely at odds with FisherÕs observation that d E is unaffected by the capsule and that d P is actually increased (by 20%) by the presence of the capsule. Analysis FE(4) provides a simple extension to the model. In this case, the thickness of the capsule varies spatially according to data on a 22-year lens reported by Fisher and Pettet (1972) . Procedures for incorporating this in the finite element model are described by Burd et al. (2002) . The results for analysis FE(3) and FE(4) are similar. The finite element model adopted for FE(3) and FE(4) provides values of equatorial and polar displacement that are substantially less than those observed by Fisher (1971) . The reasons for this lack of agreement are unclear. However, it is noted that in the numerical analysis a relatively simple model of the capsule is used (linear isotropic elastic with full adhesion with the lens cortex) and it is possible that a more detailed model would be required to capture the structural effect of the capsule. It is noted, however, that FisherÕs observations on the structural effect of the capsule were made, apparently on the basis of observations on a single lens. Without confirmation of FisherÕs experimental observations on the structural effect of the capsule in the spinning lens experiment, a detailed numerical investigation of this issue is regarded as being premature.
Is the spinning lens test capable of providing robust data on lens stiffness?
The spinning lens test provides an elegant means of applying radial forces to the lens in a way that simulates, to a certain degree, the loading applied to the lens via the zonule. The lens is therefore subjected to a strain field that is not dissimilar to that occurring during the natural accommodation process. Since the lens is likely to behave in a non-linear manner, this feature is an important advantage of the test.
The study described in this paper has confirmed the central importance of an accurate numerical model of the lens to avoid systematic modelling errors in determining values of YoungÕs modulus from the results of the test.
An important remaining question is associated with the structural action of the capsule. Fisher (presumably for experimental convenience) conducted the tests with the capsule intact but used an analysis procedure in which the structural effect of the capsule is neglected. Further experimental work is needed to investigate the effect of the capsule. If (as seems likely to the authors) the capsule does influence the displacements developed in the spinning lens test, then it may be necessary to conduct spinning lens tests in which the lenses are initially de-capsulated if reliable data on YoungÕs modulus are to be obtained. An alternative approach would involve conducting the tests with the capsule intact and adopting a detailed interpretation method in which the influence of the capsule is specifically included. Although this would be convenient from an experimental point of view, the preliminary finite element analysis outlined in Section 3.3.2 suggests that the development of a reliable interpretation method, in which the structural effect of the capsule is included, may be far from straightforward.
The only numerical data given by Fisher (1971) on the structural effect of the capsule are that the polar displacements differed by 20% and that the equatorial displacement remained unchanged when tests were conducted on a 21-year lens both with, and without, the capsule. Fisher (1971) does not indicate whether the effects of capsule removal on older (or younger) lenses were also investigated. In this paper, we consider the consequences of the hypothesis that FisherÕs observations on the structural effect of the lens capsule for the 21-year-lens are generally true for lenses of all ages. This is the assumption that is the most generous interpretation of the record in favour of Fisher. It may well be that further experiments will show that the structural effect of the capsule actually changes with the age of the lens. If this proves to be the case then this would indicate that FisherÕs analytical scheme is subject to further systematic errors. But in the absence of such experimental data we thought it reasonable to explore the implications of the simple hypothesis, explored in this paper, that the structural effect of the capsule is independent of age.
The spinning lens test, in its original form, involves two separate displacement measurements. With two items of data, it is clearly impossible to calibrate a model involving more than two independent values of YoungÕs modulus. To investigate the possibility of non-homogeneous stiffness in more detail, it would be necessary to collect displacement data from more than two points on the lens boundary. These data could be used, together with an appropriate numerical analysis, to investigate details of the variations (if any) of stiffness within the lens.
Conclusions
1. The spinning lens test requires the use of a mathematical model to infer values of YoungÕs modulus from the observed polar and equatorial displacements. We investigated some of the assumptions underlying the model adopted by Fisher (1971) and have explored the use of a similar model in which a different assumption is made about the nature of the interface between the nucleus and cortex. FisherÕs original model, and our modified form of it, lead to similar values of inferred YoungÕs modulus when applied to FisherÕs original data set.
2. Further studies in which the results of spinning disc models are compared with finite element solutions for a rotating spheroid suggest that modelling errors inherent in the spinning disc model employed by Fisher (1971) are significant. The effect of these modelling errors is to underestimate the modulus ratio. This systematic error contributes to the impression given in Fisher (1971) that the cortex is stiffer than the nucleus. 3. Fisher conducted most of his tests with the capsule intact whereas, in the interpretation process, the structural effect of the capsule is ignored. The single de-capsulated test that Fisher reports suggests that the effect of the capsule is to increase the polar displacement by 20%. It is speculated that if this 20% increase in polar displacement ratio is applicable to all of the capsulated lens tested by Fisher, then the data may be interpreted in terms of a homogeneous model for the lens. It is noted that experimental confirmation of FisherÕs observation on the structural effect of the capsule is needed before firm statements can be made about the nature (if any) of the systematic errors induced by the presence of the capsule in the tests. 4. There are insufficient grounds to conclude from FisherÕs data that the nucleus stiffness is significantly different from the stiffness of the cortex. It should be noted, however, that the findings of this study do not preclude the possibility that the stiffness within the lens may be non-homogeneous (e.g., that the nucleus may be stiffer than the cortex).
Appendix A. Model B
A.1. Solution for a general disc
The stresses in the elemental spinning disc (see Fig. 2 ) are obtained from the standard solution (e.g., Timoshenko & Goodier, 1982 where r r (r, z) and r h (r, z) are the radial and hoop stresses, respectively. The functions A(z) and B(z) are arbitrary and are determined by the boundary conditions. The angular velocity is x. This solution applies separately in the nucleus (where the arbitrary functions are labelled A N (z) and B N (z)) and in the cortex (where the arbitrary functions are A C (z) and B C (z)). For the geometry adopted in this model:
ðA:4Þ
The arbitrary functions determined from these conditions (for the case where m = 0.5) are:
ðA:5Þ
B N ðzÞ ¼ 0; ðA:7Þ
ðA:8Þ where g, the modulus ratio, is given by
A.2. Equatorial and polar displacement
On the basis of these solutions, the radial displacement at the equator is
ðA:10Þ
The stresses at r = 0 are given by r h ¼ r r ¼ A N ðzÞ: ðA:11Þ
The polar displacement, d P , is found by integrating the vertical strain in the discs, at r = 0, along the z axis. On the polar axis, the vertical strain e z is e z ¼ À 2m E N A N ðzÞ: ðA:12Þ
The polar displacement, d P , is
This gives (for the case where m = 0.5)
A.3. Calculation of E N and E C Eqs. (A.10) and (A.14) may be used to show that the modulus ratio, g, is obtained from the solution to the quadratic equation:
where Slightly different expressions were derived by Fisher (1971) . These differences are associated with the alternative assumption made by Fisher about the nature of the cortex/nucleus interface.
Appendix B. Data extracted from Fisher (1971) See Tables B1 and B2 .
Appendix C. Stresses and displacements in an elastic rotating spheroid
An exact solution for an elastic spheroid rotating about its axis of symmetry, for the case where strains are infinitesimal, may be derived from the more general solution given by Chree (1895) . The spheroid is assumed to be homogeneous and linearly elastic with density q and to be rotating with angular velocity x.
To determine the specific solution for a spheroid, axisymmetric stresses based on the general solution (Chree, 1895) are assumed. The constants in these solutions are evaluated by using the appropriate governing equations and boundary conditions.
The solution for the stresses (in the coordinate system shown in Fig. 2A ) has the form: These data are in the form adopted for the various analyses described in this paper. Note that the data sets contained in rows 2, 33 and 34 (and marked with an asterisk) have been excluded from all subsequent analyses, for reasons described in Section 2.3 of the main text of paper.
